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Abstract
The P -wave charmonium decays hc → γη(′) are revisited in the Bethe-Salpeter equation
framework, where the bound state properties of hc are described by its Bethe-Salpeter
wave function with covariant instantaneous ansatz. By using the helicity projector, we
evaluate analytically the one-loop integrals with the internal momentum of hc kept, and
the branching ratios B(hc → γη(′)) are found to be insensitive to the light quark masses
and the shapes of η(′) distribution amplitudes. Our numerical results show that the
contributions of the gluonic content of η(′) are as important as those of the quark-antiquark
content of η(′). Comparing to the results with the zero-binding approximation, we find that
the relativistic corrections related to the internal momentum of hc are almost negligible
in the P -wave charmonium decays hc → γη(′). As a crossing check, by the ratios Rhc =
B(hc → γη)/B(hc → γη′) and Γ(η → γγ)/Γ(η′ → γγ), we obtain the mixing angle
φ = 33.8◦ ± 2.4◦, which is almost the same as the value extracted from the Rhc with the
zero-binding approximation.
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1 Introduction
The hadronic decays of charmonia have played important roles for our understanding of quan-
tum chromodynamics (QCD), especially the interplay of perturbative quantum chromodynam-
ics (pQCD) and nonperturbative QCD, since the first charmonium state J/ψ was observed [1, 2].
One of the interesting topics is the Okubo-Zweig-Iizuka (OZI)-suppressed radiative decays of
charmonia to the light mesons η(′), since these decays are closely related to the issue of η − η′
mixing, which is an important ingredient for understanding many phenomena related to the
mesons η(′). In recent years, there are more and more experimental measurements on these pro-
cesses, such as J/ψ → γη(′) [3–6], ψ′ → γη(′) [5, 7, 8], ψ(3770)→ γη(′) [5] and hc → γη(′) [9]. On
the theoretical aspect, the S-wave charmonium decays J/ψ → γη(′) have been investigated in
various approaches [10–18]. By the ratio RJ/ψ = B(J/ψ → γη′)/B(J/ψ → γη), the mixing an-
gle was obtained φ = 39.3◦ ± 1.0◦ [19] with nonperturbative matrix elements 〈0|GaµνG˜a,µν |η(′)〉
and φ = 33.9◦ ± 0.6◦ [18] with pQCD. For the P -wave charmonium decays hc → γη(′), the
situation seems more complex, since the higher Fock-state contributions and the relativistic
corrections may become important. As is well known, infra-red divergences are encountered
in the inclusive P -wave charmonium decays with the zero-binding approximation [20–23], and
these divergences, which can be replaced by a logarithm of the confinement radius [20–22]
or the radius of the bound state [23], indicate that the nonperturbative effects beyond those
contained in the derivative of the nonrelativistic wave function at the origin |R′(0)| may play
a key role. It is worth noting that these divergences can also be removed in the framework
of nonrelativistic QCD [24, 25] with considering the higher Fock-state contributions. In the
literature, the P -wave charmonium decays hc → γη(′) have been studied in Refs. [26, 27]. And
it was found that the calculations of the braching ratios B(hc → γη(′)) are infra-red safe and
the predicted B(hc → γη(′)) are comparable to the experimental measurements [9]. However,
in both of these two works, the relativistic corrections related to the internal momentum of the
P -wave charmonium hc had been neglected in the calculation of the hard kernels, and all the
nonperturbative effects are absorbed in |R′hc(0)| with the Taylor expansion of the hard kernels
up to the linear terms in the nonrelativistic limit. As pointed out in Refs. [28–37], even through
there are no infra-red divergences with the leading order approximation in the exclusive P -wave
charmonium decays, the relativistic effects as well as the higher Fock-state are also significant
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to these decays.
In order to make clear the relativistic corrections for the P -wave charmonium decays
hc → γη(′), one can employ the Bethe-Salpeter (B-S) equation framework, where the inter-
nal momentum of hc is retained both in the soft bound state wave function and the hard
kernel. With the B-S equation under covariant instantaneous ansatz (CIA) [38–40], we revisit
the radiative decays hc → γη(′) in this work. For the P -wave charmonium hc, the B-S wave
function, which describes the bound state properties of hc, is adopted. For the final light
mesons η(′), light-cone distribution amplitudes (DAs) are used because of the large momen-
tum transfer. The η − η′ mixing is taken as the FKS scheme [19] and the contribution of the
quark-antiquark content and that of the gluonic content are both taken into account. With the
technique of helicity projector, we evaluate analytically the involved one-loop integrals with the
internal momentum of hc kept. Performing the integral over the internal momentum qˆ and the
momentum fraction u, the dimensionless function Hq is found to be still insensitive to the light
quark masses and the shapes of the η(′) DAs, which is accord with the conclusion obtained in
our previous work [27] with the zero-binding approximation. So the theoretical uncertainties
due to choices of η(′) DAs are negligible, and the mixing angle of the η − η′ system could be
reliably determined in the our calculations.
The paper is organized as follows. The formalism for the decays hc → γη(′) is presented in
section 2. In section 3, we present our numerical results, and the final section is our summary.
The expressions of the numerators involved in section 2 are given in appendix A.
2 Formalism for radiative decays hc → γη(′)
2.1 B-S equation under CIA
In this subsection, we briefly review the formulation of the framework with the B-S equation
under CIA. For the charmonium, the B-S equation has the form [41–44]
S−1F (f)Ψ(K, q)S
−1
F (−f¯) =
∫
d4q′
(2pi)4
[
− iK(K, q, q′)Ψ(K, q′)
]
, (2.1)
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where K(K, q, q′) represents the interaction kernel between the internal quark and antiquark,
and SF (p) = i/(/p −mc + i) represents the quark propagator with the c-quark mass mc. The
momenta of the quark and antiquark can be written as
f =
K
2
+ q, f¯ =
K
2
− q, (2.2)
where q and K represent the internal momentum and the total momentum of the bound state
respectively. For convenience, one can divide the internal momentum q into two parts. One
part is the transverse component qˆ with qˆ ·K = 0, and the other is the longitudinal component
qµ‖ =
qK
M
Kµ, which is parallel to the total momentum K:
qµ = qµ‖ + qˆ
µ. (2.3)
Here both qK =
q·K
M
and qˆ2 = q2− q2K are Lorentz invariant variables and M is the mass of the
charmonium.
Under the CIA [38–40], the interaction kernel K(K, q, q′) is taken to be dependent only on
the momentum qˆ
K(K, q, q′) = V (qˆ, qˆ′). (2.4)
Then the B-S wave function can be expressed as
Ψ(K, q) = −SF (f)Γ(qˆ)SF (−f¯), (2.5)
where the hadron-quark vertex function reads
Γ(qˆ) = i
∫
d4q′
(2pi)4
K(qˆ, qˆ′)Ψ(K, q′) =
∫
d˜3q′V (qˆ, qˆ′)ψ(qˆ′) (2.6)
with ψ(qˆ) = i
2pi
∫
dqKΨ(K, q) and d˜3q′ =
d3q′
(2pi)3
M
K0
. Using the projection operators
Λ±i (qˆ) =
1
2ω
[
/K
M
ω ± (−1)(i+1)(mc + /ˆq)
]
, (2.7)
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the propagators can be decomposed as
1
6f −mc + i =
Λ+1 (qˆ)
qK +
M
2
− ω + i +
Λ−1 (qˆ)
qK +
M
2
+ ω − i ,
1
/¯f +mc − i
=
Λ+2 (qˆ)
−qK + M2 − ω + i
+
Λ−2 (qˆ)
−qK + M2 + ω − i
(2.8)
with ω =
√
mˆ2 − qˆ2. Performing the qK-integration of Eq. (2.5), one can obtain [42–45]
(M − 2ω)ψ++(qˆ) = −Λ+1 (qˆ)Γ(qˆ)Λ+2 (qˆ),
(M + 2ω)ψ−−(qˆ) = Λ−1 (qˆ)Γ(qˆ)Λ
−
2 (qˆ),
ψ+−(qˆ) = 0,
ψ−+(qˆ) = 0 (2.9)
with ψ±±(qˆ) = Λ±1 (qˆ)
/P
M
ψ(qˆ) /P
M
Λ±2 (qˆ) and the Salpeter wave function
ψ(qˆ) = ψ++(qˆ) + ψ+−(qˆ) + ψ−+(qˆ) + ψ−−(qˆ). (2.10)
For the axial vector meson hc, the Salpeter wave function with the Dirac structure up to O(qˆ)
terms can be approximately written as [43, 44, 46–48]
ψ(qˆ) = qˆ · ε(K)
[
1 +
/K
M
+
/ˆq /K
mcM
]
γ5f(qˆ2), (2.11)
where M and ε(K) are the mass and the polarization vector of hc respectively, and f(qˆ
2) is a
scalar wave function of qˆ2.
2.2 The contributions of the quark-antiquark content of η(′)
For the quark-antiquark content of η(′), one of the leading order Feynman diagrams for the
processes hc → γη(′) is depicted in Fig. 1. Other five diagrams arise from permutations of the
photon and gluon legs. And it is convenient to divide the invariant amplitude of hc → γη(′)
into two parts [27]. One part describes the effective coupling between hc, a real photon and two
virtual gluons, and the other one describes the effective coupling between η(′) and two virtual
5
gluons.
hc(K)
f
f¯
γ(k)
u¯p
up
η(′)(p)
k1
k2
Figure 1: One typical Feynman diagram for hc → γη(′) with the quark-antiquark content of
η(′). Here the kinematical variables are labeled.
In the rest frame of hc, the invariant amplitude of hc → γg∗g∗ has the form [49]
Aαβµνεα(K)∗β(k)∗µ(k1)∗ν(k2) = −i
√
3
∫
d4q
(2pi)4
Tr [Ψ(K, q)O(qˆ)]
= −
√
3
∫
d3q
(2pi)3
Tr [ψ(qˆ)O(qˆ)] , (2.12)
where the factor
√
3 is included to account for the color properties of the quark-antiquark
content and the hard kernel O(qˆ) reads
O(qˆ) = iQceg2s
δab
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[
/∗(k2)
/k2−/k−/k1
2
+ /ˆq +mc(
k2−k−k1
2
+ qˆ
)2 −m2c /∗(k)
/k2+/k−/k1
2
+ /ˆq +mc(
k2+k−k1
2
+ qˆ
)2 −m2c /∗(k1)
+/∗(k1)
/k1−/k−/k2
2
+ /ˆq +mc(
k1−k−k2
2
+ qˆ
)2 −m2c /∗(k)
/k1+/k−/k2
2
+ /ˆq +mc(
k1+k−k2
2
+ qˆ
)2 −m2c /∗(k2)
+/∗(k2)
/k2−/k1−/k
2
+ /ˆq +mc(
k2−k1−k
2
+ qˆ
)2 −m2c /∗(k1)
/k2+/k1−/k
2
+ /ˆq +mc(
k2+k1−k
2
+ qˆ
)2 −m2c /∗(k)
+/∗(k)
/k−/k2−/k1
2
+ /ˆq +mc(
k−k2−k1
2
+ qˆ
)2 −m2c /∗(k2)
/k+/k2−/k1
2
+ /ˆq +mc(
k+k2−k1
2
+ qˆ
)2 −m2c /∗(k1)
+/∗(k1)
/k1−/k2−/k
2
+ /ˆq +mc(
k1−k2−k
2
+ qˆ
)2 −m2c /∗(k2)
/k1+/k2−/k
2
+ /ˆq +mc(
k1+k2−k
2
+ qˆ
)2 −m2c /∗(k)
+/∗(k)
/k−/k1−/k2
2
+ /ˆq +mc(
k−k1−k2
2
+ qˆ
)2 −m2c /∗(k1)
/k+/k1−/k2
2
+ /ˆq +mc(
k+k1−k2
2
+ qˆ
)2 −m2c /∗(k2)
]
. (2.13)
Here k, k1, k2 and (k), (k1), (k2) stand for the momenta and polarization vectors of the
photon and the gluons, respectively. It is worth noting that we have neglected the dependence
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of q0 in the hard kernels. As pointed out in Ref. [50], this treatment can be connected with
the on-shell condition, which maintains the gauge invariance of the hard kernels but at the
price of fixing qˆ2 simultaneously. In order to study the relativistic effects related to the internal
momentum of bound state, between the bound state description and the on-shell condition, the
authors of Ref. [50] proposed a compromise†, in which the internal momentum qˆ contained in
the hard kernels is allowed to vary in accordance with the bound state wave function. Here we
also make this compromise and take a P -wave harmonic oscillator wave function to describe
the bound state properties of hc:
f(qˆ2) = NA
(
2
3
) 1
2 1
pi
3
4β
5
2
A
|q| e−
q2
2β2
A , (2.14)
where NA is the normalization constant and the normalization equation of f(qˆ
2) reads [44]
∫
d3q
(2pi)3
4ωq2
3mcM
f 2(qˆ2) = 1. (2.15)
The light-cone expansion of the matrix elements of the meson η(′) over quark and antiquark
fields reads [54–56]
〈η(′)(p)|q¯α(x)qβ(y)|0〉 = i
4
f q
η(′)
(
/pγ5
)
βα
∫
duei(u¯p·y+up·x)φq(u) + · · · , (2.16)
where p represents the momentum of the η(′), the superscript q = u, d, s denotes the flavor
of the light quarks, the · · · stands for the high twist terms and the decay constants f q
η(′) are
defined as
〈0|q¯(0)γµγ5q(0)|η(′)(p)〉 = if qη(′)pµ. (2.17)
Then one can obtain the coupling of g∗g∗ − η(′) up to twist-3 level [57–59]:
Mµνµ(k1)ν(k2) = −i(4piαs)δabµνρσµ(k1)ν(k2)k1ρk2σ
†In fact, when the internal momentum q is kept fully in the hard kernels in the B-S equation framework, the
gauge invariance of the hard kernels also needs considering the higher Fock-state contributions [51–53], which
is suppressed at least by the factor of v2cc¯αs in the decays hc → γη(′) [26]. The compromise adopted in Ref. [50],
in a sense, means the neglection of the higher Fock-state contributions.
7
×
∑
q=u,d,s
f q
η(′)
6
∫ 1
0
duφq(u)
(
1
u¯k21 + uk
2
2 − uu¯p2 −m2q
+ (u↔ u¯)
)
(2.18)
with u¯ = 1− u. Here u is the momentum fraction carried by the quark, mq is the mass of the
quark(q = u, d, s) and m is the mass of η(′). The light-cone DA has the form [60]
φq(u) = φAS(u)
[
1 +
∑
n=2,4···
cqn(µ)C
3
2
n (2u− 1)
]
(2.19)
with the asymptotic form of DA φAS(u) = 6u(1 − u) and the Gegenbauer moments cqn(µ). In
Table 1, we list three models of the DAs given in Ref. [60]. Schematically, we also show their
shapes at the scale of µ0 = mc in Fig. 2.
Table 1: Gegenbauer coefficients of three sample models at the scale of µ0 = 1 GeV.
Model cq2(µ0) c
q
4(µ0) c
g
2(µ0)
I 0.10 0.10 −0.26
II 0.20 0.00 −0.31
III 0.25 −0.10 −0.25
Model I
Model II
Model III
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.5
1.0
1.5
2.0
u
Φ
q Hu
L
Figure 2: The shapes of the corresponding DAs at the scale of µ = mc.
The invariant amplitude of hc → γη(′) can be obtained directly by contracting the two
couplings Aαβµν and Mµν , inserting the gluon propagators and integrating over the loop mo-
mentum:
MT = T
αβεα(K)
∗
β(k) =
1
2
∫
d4k1
(2pi)4
AαβµνMµν i
k21 + i
i
k22 + i
εα(K)
∗
β(k). (2.20)
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By using Lorentz invariance, parity conservation and gauge invariance, one can obtain [11]
Tαβ ∝ −gαβ + k
αKβ
K · k , (2.21)
i.e., there is only one independent helicity amplitude HqQCD:
Tαβεα(K)
∗
β(k) = H
q
QCDh
αβεα(K)
∗
β(k) (2.22)
with
hαβ = −gαβ + k
αKβ
k ·K . (2.23)
With the help of the helicity projector [11]
Pαβ =
1
2
h∗α′β′
(
−gαα′ + K
αKα
′
M2
)(
−gββ′
)
=
1
2
(
−gαβ + k
αKβ
k ·K
)
, (2.24)
one can obtain the helicity amplitude
HqQCD = T
αβPαβ =
2Qc
3
√
3
√
4piα(4piαs)
2
∑
q=u,d,s
f q
η(′)Hq, (2.25)
where the dimensionless function Hq reads
Hq = −8i
∫
d3q
(2pi)3
f(qˆ2)
∫
duφq(u)Iq(u, qˆ). (2.26)
Iq(u, qˆ) represents the sum of the loop integrals of all the Feynman diagrams
Iq(u, qˆ) =
∫
d4l
(2pi)4
(
N1
D1D2D3D4D5
+
N2
D1D′2D
′
3D4D5
+
N3
C1D1D3D4D5
+
N4
C2D1D2D4D5
+
N5
C1D1D′2D4D5
+
N6
C2D1D′3D4D5
)
+ (u↔ u¯) (2.27)
with l = k1 − k2 and the denominators of the propagators
C1 = (p− k + 2qˆ)2 − 4m2c + i,
9
C2 = (p− k − 2qˆ)2 − 4m2c + i,
D1 = [l + (u¯− u)p]2 − 4m2q + i,
D2 = (l − k − 2qˆ)2 − 4m2c + i,
D3 = (l + k − 2qˆ)2 − 4m2c + i,
D′2 = (l − k + 2qˆ)2 − 4m2c + i,
D′3 = (l + k + 2qˆ)
2 − 4m2c + i,
D4 = (l + p)
2 + i,
D5 = (l − p)2 + i. (2.28)
As shown in Eq. (2.26), the spin structures of the bound state wave function are absorbed
into the numerators N1, N2, N3, N4, N5 and N6. And the expressions of the numerators are
presented in appendix A. Since the loop function Iq(u, qˆ) has no soft singularities and the
dimensionless function Hq is very insensitive to the light quark mass mq [18, 27], one can take
the following simplicity safely:
I0(u, qˆ) = lim
mq→0
Iq(u, qˆ), (2.29)
H0 = −8i
∫
d3qˆ
(2pi)3
f(qˆ2)
∫
duφq(u)I0(u, qˆ),
i.e., Hq(q = u, d, s) = H0. Then the helicity amplitude in Eq. (2.25) can be rewritten as
HqQCD =
2Qc
3
√
3
√
4piα(4piαs)
2fη(′)H0 (2.30)
with the effective decay constants
fη′ = f
u
η′ + f
d
η′ + f
s
η′ , fη = f
u
η + f
d
η + f
s
η . (2.31)
By using the algebraic identity (ξ 6= ±1)
1
m2(ξ2 − 1)D1 −
1
2m2(ξ − 1)D4 +
1
2m2(ξ + 1)
D5 = 1 (2.32)
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with ξ = 1− 2u, the loop integral I0(u, qˆ) can be decomposed into a sum of four-point one-loop
integrals
I0(u, qˆ) =
∫
d4l
(2pi)4
[
1
m2
(
N1
(ξ2 − 1)D2D3D4D5 −
N1
2(ξ − 1)D1D2D3D5 +
N1
2(ξ + 1)D1D2D3D4
+
N2
(ξ2 − 1)D′2D′3D4D5
− N2
2(ξ − 1)D1D′2D′3D5
+
N2
2(ξ + 1)D1D′2D
′
3D4
)
+
N3
C1D1D3D4D5
+
N4
C2D1D2D4D5
+
N5
C1D1D′2D4D5
+
N6
C2D1D′3D4D5
]
+ (u↔ u¯). (2.33)
When ξ = 1, the denominators of the propagators have the relation D1 = D4, and the loop
integral I0(u, qˆ) becomes
I0(u, qˆ) =
∫
d4l
(2pi)4
(
N1
D2D3D24D5
+
N2
D′2D
′
3D
2
4D5
+
N3
C1D3D24D5
+
N4
C2D2D24D5
+
N5
C1D′2D
2
4D5
+
N6
C2D′3D
2
4D5
)
+ (u↔ u¯). (2.34)
And when ξ = −1, the denominators of the propagators have the relation D1 = D5, and the
loop integral I0(u, qˆ) becomes
I0(u, qˆ) =
∫
d4l
(2pi)4
(
N1
D2D3D4D25
+
N2
D′2D
′
3D4D
2
5
+
N3
C1D3D4D25
+
N4
C2D2D4D25
+
N5
C1D′2D4D
2
5
+
N6
C2D′3D4D
2
5
)
+ (u↔ u¯). (2.35)
With the program Package−X [61, 62], one can evaluate the above one-loop integrals analyt-
ically. Similar to the situations without considering the internal momentum [18, 27], one can
find that the loop function I0(u, qˆ) is also steady over the most region of the momentum fraction
u, and it results in the dimensionless function H0 very insensitive to the shapes of meson DAs
φq(u). Numerically, our results show that the change among the dimensionless function H0
with the different models of the DAs in Fig. 2 is less than 1%.
11
2.3 The contributions of the gluonic content of η(′)
The gluonic content of η(′) can directly contribute to the decay processes hc → γη(′) from
the tree level. One typical Feynman diagram is exhibited in Fig. 3, and there are other two
diagrams from permutations of the photon and the gluon legs.
hc(K)
f
f¯
γ(k)
η(′)(p)
k1
k2
Figure 3: One typical Feynman diagram for hc → γη(′) with the gluonic content of η(′). Here
the kinematical variables are labeled.
The matrix elements of the mesons η(′) over two-gluon fields in the light-cone expansion at
the leading twist level read [56, 60, 63]:
〈η(′)(p)|Aaα(x)Abβ(y)|0〉 =
1
4
αβµν
kµpν
p · k
CF√
3
δab
8
f 1η(′)
∫
duei(up·x+u¯p·y)
φg(u)
u(1− u) (2.36)
with the effective decay constant f 1
η(′) =
1√
3
(fu
η(′) + f
d
η(′) + f
s
η(′)) and the gluonic twist-2 DA [56,
60, 64]
φg(u) = 30u2(1− u)2
∑
n=2,4···
cgn(µ)C
5
2
n−1(2u− 1). (2.37)
One can obtain the corresponding helicity amplitude
HgQCD =
2Qc
9
√
4piα(4piαs)f
1
η(′)Hg, (2.38)
where the dimensionless function Hg has the form
Hg = 8
∫
d3qˆ
(2pi)3
f(qˆ2)
∫
du
φg(u)
u(1− u)
(
N7
C1C4
+
N8
C2C3
+
N9
C3C4
)
. (2.39)
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Here the denominators of the propagators C3 and C4 read
C3 = (ξp+ k + 2qˆ)
2 − 4m2c + i,
C4 = (ξp− k + 2qˆ)2 − 4m2c + i, (2.40)
and the expressions of the numerators N7, N8 and N9 are given in appendix A.
Usually, from the point of view of the QCD evolution of the gluon DA, the contributions of
the gluonic content are supposed to be small, since the gluonic content is seen as the higher-
order effects. However, as we have pionted out in Ref. [27], these contributions may become
important in the η(′) production since the two-gluon DA of η(′) can mix with their quark-
antiquark DA due to the UA(1) anomaly. Furthermore, from Figs. 1 and 3, one can easily find
that the one-loop contributions from the quark-antiquark content of η(′) are suppressed by a
factor of αs(mc) as compared with the contributions from the gluonic content of η
(′).
3 Numerical results
The decay widths of hc → γη(′) can be expressed as
Γ(hc → γη(′)) = 2
3
1− x
16piM
∣∣HqQCD +HgQCD∣∣2 (3.1)
with x = m2/M2. In the following numerical calculations, we take the parameters: M =
3525 MeV, mη = 548 MeV, mη′ = 958 MeV, Γhc = (0.70 ± 0.28 ± 0.22) MeV and fpi =
130.2 MeV, which are quoted from the PDG [65]. The input c-quark mass is taken as mc =
1490 MeV, which is chosen from the calculation of the mass spectrum of charmonium [43, 44].
The harmonic oscillator parameter, which characterize the typical internal momentum of a
bound state, is taken as βA = 590 MeV for the P -wave charmonium hc [43, 44]
†. The QCD
†In Refs. [43, 44], the harmonic oscillator parameter βA is expressed as
βA =
− mcω2qq¯ΘA√
1 + 2A0
(
N + 32
)
 14 .
For the axial vector meson hc, ΘA = −4, N = 1, the potential parameters ω2qq¯ = 2.084 × 107 MeV3 and
A0 = 0.01.
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running coupling constant is adopted αs(µ) = 0.35, which is calculated through the two-loop
renormalization group equation at the scale of µ = mc.
As shown in Table 1, the Gegenbauer moments cq2(µ), c
q
4(µ) have large uncertainties. Fortu-
nately, the dimensionless function Hq is very insensitive to the shape of the meson DA, which
means our numerical results are almost independent to the uncertainties of the Gegenbauer
moments cq2(µ), c
q
4(µ). So in our calculations, we could choose the Model I of the meson DA in
Table 1.
For η− η′ system, one mixing angle is included in the flavor basis as a manifestation of the
celebrated OZI rule, i.e., we take the known FKS scheme [19, 66, 67], and more details can also
be found in Ref. [60]. Then the effective decay constants f q
η(′) can be expressed as
fu(d)η =
fq√
2
cosφ, f sη = −fs sinφ,
f
u(d)
η′ =
fq√
2
sinφ, f sη′ = fs cosφ, (3.2)
where the two parameters fq and fs are defined as [19, 66, 67]
〈0|Jqµ5(0)|ηq(p)〉 = ifqpµ, 〈0|Jqµ5(0)|ηs(p)〉 = 0,
〈0|Jsµ5(0)|ηs(p)〉 = ifspµ, 〈0|Jsµ5(0)|ηq(p)〉 = 0 (3.3)
with the currents Jqµ5 = 1/
√
2(u¯γµγ5u+ d¯γµγ5d) and J
s
µ5 = s¯γµγ5s. In the literature, the mixing
angle φ and the decay constants fq and fs have been determined by various methods [19, 68–
73]. In Table 2, we list three typical sets of the values of the paramaters φ, fq and fs from
Refs. [68, 72]. The parameters φ, fq and fs in the first line are extracted from the low energy
processes (LEPs) V → η(′)γ, η(′) → V γ (V = ρ, ω, φ). The parameters in the second line are
extracted by using rational approximations for the η TFF Fγ∗γη(Q
2 → +∞). And the obtained
parameters both in the first and second lines are consistent with the known FKS results [19].
While in the third line, the parameters are extracted by using rational approximations for the
η′ TFF Fγ∗γη′(Q2 → +∞), which is in accord with the BABAR measurements in the timelike
region at q2 = 112 GeV2 [74].
In Table 3, we present the results with only the contributions of the quark-antiquark content.
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Table 2: The values of φ, fq and fs obtained with three different models.
φ◦ fq/fpi fs/fpi
LEPs [68] 40.6± 0.9 1.10± 0.03 1.66± 0.06
ηTFF [72] 40.3± 1.8 1.06± 0.01 1.56± 0.24
η′TFF [72] 33.5± 0.9 1.09± 0.02 0.96± 0.04
Table 3: The branching ratios B(hc → γη(′)) with only the contributions of the quark-antiquark
content.
LEPs ηTFF η′TFF Exp. [9]
B(hc → γη) 1.4× 10−6 2.4× 10−6 0.8× 10−4 (4.7± 1.5± 1.4)× 10−4
B(hc → γη′) 0.47× 10−3 0.43× 10−3 0.25× 10−3 (1.52± 0.27± 0.29)× 10−3
Rhc 0.3% 0.6% 30.2% (30.7± 11.3± 8.7)%
The branching ratios B(hc → γη), B(hc → γη′) and their ratio Rhc = B(hc → γη)/B(hc → γη′)
are given in the first, second and third lines of the tables with Γhc = 0.70 MeV, respectively.
From Table 3, one can find that the branching ratio B(hc → γη) is sensitive to the mixing
angle, and the results of B(hc → γη) with the parameters extracted from the LEPs and η TFF
are much smaller than its experimental data. Only with the values in the set η′TFF, both the
branching ratios B(hc → γη) and B(hc → γη′) are comparable with their experimental values.
In fact, due to the large uncertainty of the total decay width Γhc , it is very hard to give precise
predictions for individual branching ratios. While in the ratio Rhc , this uncertainty cancel out.
This means the Rhc could be reliably predicted and one can find that the Rhc only with the
parameters extracted from the η′ TFF is in good agreement with the experimental data.
Table 4: The branching ratios B(hc → γη(′)) with the contributions of both the quark-antiquark
content and the gluonic content.
LEPs ηTFF η′TFF Exp. [9]
B(hc → γη) 2.9× 10−6 5.1× 10−6 1.6× 10−4 (4.7± 1.5± 1.4)× 10−4
B(hc → γη′) 0.99× 10−3 0.89× 10−3 0.52× 10−3 (1.52± 0.27± 0.29)× 10−3
Rhc 0.3% 0.6% 30.9% (30.7± 11.3± 8.7)%
Considering the contributions of both the quark-antiquark content and the gluonic content,
the branching ratios with Γhc = 0.70 MeV and the ratio Rhc are given in Table 4. Compared
to Table 3, one can find that the branching ratios B(hc → γη(′)) are enhanced by a factor of
about 2 with no matter which set of the values is taken, i.e., the gluonic content is almost
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Table 5: The branching ratios obtained with the zero-binding approximation and the B-S
equation under CIA.
|R′hc(0)| [27] this work Exp. [9]
B(hc → γη) 1.1× 10−4 1.6× 10−4 (4.7± 1.5± 1.4)× 10−4
B(hc → γη′) 0.37× 10−3 0.52× 10−3 (1.52± 0.27± 0.29)× 10−3
Rhc 30.1% 30.9% (30.7± 11.3± 8.7)%
as important as the quark-antiquark content in the P -wave charmonium decays hc → γη(′).
The agreement between our prediction and the experimental measurement for the ratio Rhc
is good only with the parameters extracted from η′ TFF. In Table 5, we make a comparison
between the results with the zero-binding approximation [27] and these with the B-S equation
under CIA. One can find that the Rhc is almost unchanged. Furthermore, for the individual
branching ratios with the zero-binding approximation [27] and the ones with the B-S equation
under CIA, one can obtain that their difference comes mainly from the QCD running coupling
constant αs(µ) in fact
†, i.e., the relativistic corrections related to the internal momentum qˆ are
almost negligible. It implies that the nonrelativistic limit for the P -wave charmonium hc, in
which the Taylor expansion of the hard kernels is kept up to the linear terms, may be a good
approximation for the radiative decays hc → γη(′).
As a crossing check, we give a prediction of the mixing angle φ within the B-S equation
approach. By the ratio
Rhc =
M2 −m2η
M2 −m2η′
|HqQCD +HgQCD|2m=mη
|HqQCD +HgQCD|2m=mη′
, (3.4)
the ratio
Γ(η → γγ)
Γ(η′ → γγ) =
m3η
m3η′
(
5
√
2 fs
fq
− 2 tanφ
5
√
2 fs
fq
tanφ+ 2
)2
(3.5)
and the experimental measurements [9, 65, 75]
Rexphc = (30.7± 11.3± 8.7)%,
†In Ref. [27], we take the QCD running coupling constant αs(µ) = 0.32 with the scale of µ = M/2 =
3525/2 MeV. While in this work, the QCD running coupling constant is taken as αs(µ) = 0.35 with the scale
of µ = mc = 1490 MeV.
16
Γexp(η′ → γγ) = 4.36(14) KeV,
Γexp(η → γγ) = 0.516(18) KeV, (3.6)
one can obtain the mixing angle
φ = 33.8◦ ± 2.4◦, (3.7)
where the uncertainty comes mainly from the Rexphc . It is worth noting that the recent QCD
lattice calculations give the following values: φ = 34◦± 3◦ from the UKQCD collaboration [70]
and φ = 38.8◦ ± 3.3◦ from the ETM collaboration [73]. In Fig. 4, we show the dependence
30 32 34 36 38 40
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
ϕ (°)
R h
c
Figure 4: The dependence of the ratio Rhc on the mixing angle φ. The blue band is our
calculated results with the uncertainties from the Γexp(η(′) → γγ). The yellow band denotes
the experimental value of Rhc with 1σ uncertainty.
of the ratio Rhc on the mixing angle φ. Obviously, the prediction of the mixing angle with
the B-S equation under CIA is consistent with the value φ = 33.5◦ ± 0.9◦ in the set η′TFF.
Moreover, it is also in good agreement with our previous determinations φ = 33.9◦ ± 0.6◦ [18]
and φ = 33.8◦±2.5◦ [27], which are obtained by the ratios RJ/ψ and Rhc without considering the
relativistic corrections related to the internal momentum of J/ψ and hc respectively. And this
agreement is in line with the conclusion obtained from Table 5, i.e., the relativistic corrections
related to the internal momentum qˆ are almost negligible to the P -wave charmonium decays
hc → γη(′) within the B-S equation approach. However, there is discrepancy between our
predictions and the result φ = 40.6◦±0.9◦ in the set of LEPs extracted from the LEPs [68]. As
we have pointed out in Refs. [18, 27], this discrepancy may be partly due to the g∗g∗−η(′) TFF
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used in our calculations and may also be an indication of our incomplete knowledge about the
η− η′ mixing, especially the difference between the physical picture of the η− η′ mixing at the
high energy scale and that at the low energy scale [76].
4 Summary
In this work, we have revisited the P -wave charmonium radiative decays hc → γη(′) in the
B-S equation framework, where the internal momentum qˆ has been retained in both the soft
wave function ψ(qˆ) and the hard kernel O(qˆ). The B-S wave function with CIA is employed to
describe the bound state properties of the P -wave charmonium hc, while the light-cone DAs are
adopted for both the quark-antiquark content and the gluonic content of the light mesons η(′).
With the technique of the helicity projector [11], the involved one-loop integrals are carried out
analytically. Then it is found that the branching ratios B(hc → γη(′)) are insensitive to the
light quark masses and the shapes of the η(′) DAs.
With the three sets of the values for the input parameters φ, fq and fs, namely LEPs [68],
ηTFF [72] and η′TFF [72], the predicted branching ratios B(hc → γη(′)) and their ratio Rhc are
presented in Table 3 and 4. We have found that the gluonic content also plays an important
role in hc → γη(′), and the B(hc → γη) with the parameters extracted from the LEPs and
the η TFF is much smaller than its experimental value. Only with the parameters extracted
from η′ TFF, which is in accord with the BABAR measurements in the timelike region at
q2 = 112 GeV2 [74], the branching ratios B(hc → γη(′)) and the ratio Rhc are comparable with
their experimental values. In addition, by the comparison between the results with the zero-
binding approximation [27] and these obtained in this work, one can obtain that the relativistic
corrections related to the internal momentum qˆ are almost negligible in the P -wave charmonium
decays hc → γη(′) in the B-S equation framework.
As a crossing check, by the Rhc , Γ(η
(′) → γγ) and their experimental values, we have
obtained the mixing angle φ = 33.8◦ ± 2.4◦, which is consistent with the our previous determi-
nations φ = 33.9◦±0.6◦ [18] and φ = 33.8◦±2.5◦ [27] by the ratios RJ/ψ and Rhc obtained with
zero-binding approximation in the nonrelativistic limit respectively, but is in clear disagree-
ment with the value φ = 40.6◦ ± 0.9◦ [68] extracted from the LEPs and the known FKS result
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φ = 39.3◦±1.0◦ [19]. As aforementioned discussion, the discrepancy among the determinations
of the mixing angle is still an open question, and it indicates that the physical picture of the
η−η′ mixing at the high energy scale may differ from that at the low energy scale [76]. Further
investigations about this issue is certainly deserved.
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A The expressions of the numerators
The expressions of the numerators Ni (i = 1 ∼ 9) read
N1 = 4M
2mc(x− 1)qˆ · l +M(x+ 1)
[
qˆ · l(4m2c + 4qˆ · l + l2)− 4qˆ2(qˆ · l + l2)
]
+8mck · qˆ
[
x+ 1
x− 1k · l + p · l
]
+
2K · l
M
{
k · qˆ
[
4m2c − 4qˆ2 + 4qˆ · l +
x+ 3
x− 1 l
2
]
+2p · l(2qˆ2 − qˆ · l)
}
− 8k · qˆp · l(K · l)
2
M3(x− 1)
N2 = −4M2mc(x− 1)qˆ · l −M(x+ 1)
[
qˆ · l(4m2c + l2 − 4qˆ · l)− 4qˆ2(qˆ · l − l2)
]
−8mck · qˆ
[
x+ 1
x− 1k · l + p · l
]
− 2K · l
M
{
k · qˆ
[
4m2c − 4qˆ2 − 4qˆ · l +
x+ 3
x− 1 l
2
]
−2p · l(2qˆ2 + qˆ · l)
}
+
8k · qˆp · l(K · l)2
M3(x− 1)
N3 = M
2x
[
M(x− 1) + 4mc
]
qˆ · l + 2M
{
k · qˆ
[
x(x− 3)
x− 1 k · l + (x− 2)p · l − 2(x+ 1)qˆ · l
− 2x
x− 1 l
2
]
−
[
2m2c(x+ 1)qˆ · l − 2(x+ 1)qˆ2(qˆ · l − l2) + xp · lqˆ · l
]}
+ 4mc
{
2k · qˆ
×
[
x
x− 1k · l + p · l −
1
x− 1 l
2
]
+ p · lqˆ · l
}
− 4
M
{
2k · qˆK · l(m2c + k · qˆ)− 2k · qˆqˆ2K · l
+k · qˆp · l
[
x
x− 1k · l +
x− 2
x− 1p · l
]
− 2qˆ2p · lK · l
}
+
8mck · qˆp · lK · l
M2(x− 1)
N4 = M
2x
[
M(x− 1) + 4mc
]
qˆ · l + 2M
{
k · qˆ
[
x(x− 3)
x− 1 k · l + (x− 2)p · l + 2(x+ 1)qˆ · l
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+
2x
x− 1 l
2
]
−
[
2m2c(x+ 1)qˆ · l − 2(x+ 1)qˆ2(qˆ · l − l2)− xp · lqˆ · l
]}
+ 4mc
{
2k · qˆ
×
[
x
x− 1k · l + p · l +
1
x− 1 l
2
]
− p · lqˆ · l
}
− 4
M
{
2k · qˆK · l(m2c − k · qˆ)− 2k · qˆqˆ2K · l
−k · qˆp · l
[
x
x− 1k · l +
x− 2
x− 1p · l
]
− 2qˆ2p · lK · l
}
− 8mck · qˆp · lK · l
M2(x− 1)
N5 = −M2x
[
M(x− 1) + 4mc
]
qˆ · l − 2M
{
k · qˆ
[
x(x− 3)
x− 1 k · l + (x− 2)p · l − 2(x+ 1)qˆ · l
+
2x
x− 1 l
2
]
−
[
2m2c(x+ 1)qˆ · l − 2(x+ 1)qˆ2(qˆ · l + l2)− xp · lqˆ · l
]}
− 4mc
{
2k · qˆ
×
[
x
x− 1k · l + p · l +
1
x− 1 l
2
]
− p · lqˆ · l
}
+
4
M
{
2k · qˆK · l(m2c + k · qˆ)− 2k · qˆqˆ2K · l
−k · qˆp · l
[
x
x− 1k · l +
x− 2
x− 1p · l
]
+ 2qˆ2p · lK · l
}
+
8mck · qˆp · lK · l
M2(x− 1)
N6 = −M2x
[
M(x− 1) + 4mc
]
qˆ · l − 2M
{
k · qˆ
[
x(x− 3)
x− 1 k · l + (x− 2)p · l + 2(x+ 1)qˆ · l
− 2x
x− 1 l
2
]
−
[
2m2c(x+ 1)qˆ · l − 2(x+ 1)qˆ2(qˆ · l + l2) + xp · lqˆ · l
]}
− 4mc
{
2k · qˆ
×
[
x
x− 1k · l + p · l −
1
x− 1 l
2
]
+ p · lqˆ · l
}
+
4
M
{
2k · qˆK · l(m2c − k · qˆ)− 2k · qˆqˆ2K · l
+k · qˆp · l
[
x
x− 1k · l +
x− 2
x− 1p · l
]
+ 2qˆ2p · lK · l
}
− 8mck · qˆp · lK · l
M2(x− 1)
N7 =
M(xξ + x− 1)− 2mc(ξ − 1)
x− 1 k · qˆ +M(x− 1)ξqˆ
2 − 4k · qˆ
M(x− 1)
(
m2c + k · qˆ − qˆ2
)
N8 =
M(−xξ + x− 1) + 2mc(ξ + 1)
x− 1 k · qˆ +M(x− 1)ξqˆ
2 − 4k · qˆ
M(x− 1)
(
m2c − k · qˆ − qˆ2
)
N9 =
4m2c −M2ξ2
M(x− 1) k · qˆ +M(x− 1)ξqˆ
2 +
4k · qˆ
M(x− 1)
(
ξk · qˆ − qˆ2
)
. (A.1)
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